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ABSTRACT
The time delays of gravitationally lensed quasars are generally believed to be unique
numbers whose measurement is limited only by the quality of the light curves and the
models for the contaminating contribution of gravitational microlensing to the light
curves. This belief is incorrect – gravitational microlensing also produces changes in the
actual time delays on the ∼day(s) light-crossing time scale of the emission region. This
is due to a combination of the inclination of the disk relative to the line of sight and the
differential magnification of the temperature fluctuations producing the variability. We
demonstrate this both mathematically and with direct calculations using microlensing
magnification patterns. Measuring these delay fluctuations can provide a physical scale
for microlensing observations, removing the need for priors on either the microlens
masses or the component velocities. That time delays in lensed quasars are themselves
time variable likely explains why repeated delay measurements of individual lensed
quasars appear to vary by more than their estimated uncertainties. This effect is also
an important new systematic problem for attempts to use time delays in lensed quasars
for cosmology or to detect substructures (satellites) in lens galaxies.
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1 INTRODUCTION
Ever since Refsdal (1964) proposed the method, there have
been hopes that gravitational lens time delays can be used
to constrain the cosmological model (see the review by Treu
& Marshall 2016). Current studies are quite optimistic, with
Bonvin et al. (2017), based also on Fassnacht et al. (2002),
Suyu et al. (2010), Tewes et al. (2013b), and Suyu et al.
(2014), claiming a 3.8% measurement of (effectively) H0
based on time delay measurements in 3 lenses. Fundamen-
tally, time delays constrain ∆t ∝ H−10 (1− 〈κ〉) where 〈κ〉 is
the mean surface density (convergence) in the annulus be-
tween the two images (Kochanek 2002). The surface density
〈κ〉 must be constrained with some additional information
about the geometry or kinematics of the lens (see the review
by Kochanek 2006). One contribution to 〈κ〉 is simply the
random fluctuations in the density along the line of sight
to the lens (see, e.g., Keeton & Zabludoff 2004, Greene et
al. 2013, McCully et al. 2017), and the other is the internal
structure of the lens galaxy (see the discussion in Kochanek
2006).
The essence of the program to use lenses to constrain
cosmology is to obtain time delays of N lenses with individ-
ual time delay, line-of-sight convergence, and lens surface
density uncertainties of σt, σlos and σ〈κ〉 and then combine
them to obtain a fractional error in H0 (really the combina-
tion of cosmological distances entering the lens time delay)
of σ2H/H
2
0 ∼ (σ2δt/δt2+σ2los+σ2〈κ〉)/N . It is generally assumed
that the first two terms in this error budget are dominated
by random errors and their contributions to the overall er-
ror will scale as N−1/2. There are far greater concerns about
whether the last term may already be dominated by system-
atic errors (e.g., Schneider & Sluse 2013, Birrer et al. 2016)
for which there is no benefit from combining lenses. In any
case, any ultimate claim of achieving σH/H0 ' 0.01 is equiv-
alent to the claim that there are also no systematic errors
in the surface density 〈κ〉 estimates at a comparable level.
It will be challenging to prove this assertion.
This is not, however, the focus of the present paper.
Our concern here is the accuracy of the time delay measure-
ments – the error contribution from σδt/δt. Dating from the
attempts to measure gravitational lens time delays in the
very first lens, Q 0957+561 (Walsh et al. 1979), time de-
lay measurements have produced controversy (e.g., Schild
(1990) versus Press et al. (1992), resolved in favor of the
former by Kundic´ et al. (1997)). In most modern studies,
the question is not so much the basic validity of the de-
lay but the accuracy of the uncertainty estimates, and there
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have recently been a series of tests and comparisons of var-
ious delay measurement methods (e.g., Tewes et al. 2013a,
Dobler et al. 2015, Liao et al. 2015, Bonvin et al. 2017). An
adequate summary of these studies is that with reasonably
good light curves it is feasible to measure time delays with
both high accuracy and precision.
All of these studies assume, however, that the measured
time delay is the standard cosmological delay used in all lens
models. They also assume that the ratios of delays depend
only on the large scale potential of the lens galaxy (possi-
bly with some effects from the largest substructures in the
galaxy, Keeton & Moustakas 2009). In this paper we show
that for gravitationally lensed quasars, microlensing by the
stars in the lens galaxy (see the review by Wambsganss 2006)
makes both of these assumptions incorrect.
Microlensing changes time delays on the scale of
the light crossing time of the accretion disk, which
has a typical scale of light days. These microlens-
ing induced time delays will then slowly change as
the accretion disk moves relative the stars doing the
microlensing.
There are two causes of the microlensing effect on time
delays. The first is very simple. If the accretion disk does
not lie in the plane of the sky, different parts of the disk
lie at different line of sight distances. This has a negligible
consequence based on the normal expression for the time
delay, as partially discussed in Yonehara (1999), Goicoechea
(2002) and in more detail below. However, the normal time
delay expression neglects the variations in the delay due to
the actual change in the line-of-sight distance ∆z to the
source (because this term has been subtracted). This miss-
ing term is a delay of order (1 + zs)∆z/c where ∆z/c is
the proper light travel time and 1 + zs is the effect of time
dilation from the source redshift zs. Without microlensing,
this effect is unimportant because 〈∆z〉 is the same for all
images. However, microlensing, by its very definition, differ-
entially magnifies different regions of the disk and 〈∆z〉 will
vary between images when weighted by the spatially varying
microlensing magnification.
The second effect is more subtle and exists even for a
face-on disk. The variability of the disk is due to a pat-
tern of temperature fluctuations on the disk with the ob-
served light curve representing an average of the fluctua-
tions. The simplest case to explain is a “lamp post” model,
where luminosity fluctuations δL(t) close to the disk cen-
ter illuminate the disk to drive the temperature fluctuations
but with a lag due to the light travel time from the center,
δT (R, t) ∼ δL(t − R/c). While there is no guarantee that
the lamp post model explains all quasar variability (see, e.g.,
Dexter & Agol 2011), it has been successfully used to model
the wavelength-dependent ultraviolet/optical/near-IR vari-
ability of NGC 2617 (Shappee et al. 2014) and NGC 5548
(Starkey et al. 2017). The black body function is quite broad,
so a broad range of disk radii contribute to the variability ob-
served at any given wavelength. Microlensing differentially
weights the emission from the disk, so the mean emission
radius of a microlensed disk is different from that of the un-
microlensed disk or a differently microlensed image of the
same disk. This both introduces differential time delays on
the scale of the light crossing time, and means that the light
curves of lensed images will not be identical even for a fixed
microlensing magnification pattern. There has been some
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Figure 1. The observed mean time delay 〈t〉 in units of
(1 + zs)R0/c (lower panel) and magnification relative to peak
M/Mmax (top panel) for a linear fold caustic moving across a
disk. The caustic is oriented parallel to the long axis of the disk
and its position u0/R0 cos i is in units of the projected, short axis
of the disk with the disk center at the origin. The solid line shows
the inclination-dependent term (R cos θ sin i) and the dashed line
shows the inclination-independent term (R). The lower ampli-
tude, “diluted” curves show the effect of adding flux equal to
that produced by the caustic at its peak and with no lag.
prior discussion of this latter point (e.g., Gould & Miralda-
Escude´ 1997, Wyithe & Loeb 2002, Dexter & Agol 2011),
largely to explain the rapid, uncorrelated variability seen in
the light curves of some lensed quasars (e.g., Burud et al.
2002, Schechter et al. 2003). While we will illustrate this ef-
fect using the “lamp post” model, the effect will be present
for any model of quasar variability.
To summarize, we should expect gravitational lens time
delays to be affected by microlensing, with image-to-image
shifts on the time scale of the light crossing time of the disk
– days. In §2 we work through the basic mathematics of
the effects. In §3 explore several numerical examples based
on two of the lensed quasars used in Bonvin et al. (2017),
RXJ 1131−1231 (Sluse et al. 2003) and HE 0435−1223
(Wisotzki et al. 2002). We summarize the consequences of
our results in §4.
2 MATHEMATICS
The standard expression for the time delay of a lens is
τstd =
DOLDOS
cDLS
[
1
2
(
~θ − ~β
)2 − φ(~θ)] (1)
where ~θ and ~β are the angular position of the image and the
source and φ(~θ) = (DLS/DOS)φ0(~θ) is the projected lens-
ing potential (e.g., Schneider 1985, Blandford & Narayan
1986). The distances are proper motion distances between
the Observer, Lens and Source. For a flat universe they are
simply the comoving distances and DOS = DOL + DLS .
MNRAS 000, 000–000 (0000)
Variable Quasar Time Delays 3
Using these distances instead of angular diameter distances
both allows the use of this simple relation and eliminates
extra redshift factors1. The lens potential combines a func-
tion φ0(~θ) which is independent of the source distance with
a source distance scaling of DLS/DOS for all models. Us-
ing Fermat’s principle, the observed images are located at
solutions of ~∇~θτstd = 0.
Now consider a second source displaced in angle to ~β+
δ~β and source redshift to zs+δzs. The images of this source
will have different time delays due to the shift in the source
position and the change in the Einstein radius of the lens.
If we define F = DOS/DLS , the change in the delay for any
two associated images is
∆τstd =
DOLDOS
cDLS
[
δ~β ·
(
~β − ~θ
)
+
1
2
δzs
F
dF
dzs
(
~β − ~θ
)2]
,
(2)
where the first term is the one previously discussed by Yone-
hara (1999) and Goicoechea (2002). The overall delays have
a general scale of (DOLDOS/cDLS)∆θ
2, where ∆θ2 is the
image separation (see, e.g., the review by Kochanek 2006).
This means that the fractional change in the time delay
from the first term is of order |δβ/∆θ| ∼ 10−5 for a disk
scale of order 10 light days and a lens Einstein radius of or-
der a 1 kpc. Hence, as fully realized by Yonehara (1999) and
Goicoechea (2002), this effect only matters for sources sep-
arated by distances that are a non-trivial fraction of 1 kpc.
The second term was not considered in these papers and pro-
duces a fractional correction of order |(δzs/F )(dF/dzs)|. For
a flat universe where D = (c/H0)
∫
dz/E(z) with E(z) =
H(z)/H0, this becomes (cδzs/H(zs)DOS)(DOL/DLS) where
the first term is essentially the fractional change in the dis-
tance to the source, which is ∼ 10−12 and so even less im-
portant than the first term. At this point, the reader may
be wondering why this paper is being written.
We have, however, left out an important effect. Equa-
tion 1 is the time delay relative to a fiducial ray from the
observer to the source along the optic axis. The actual total
delay is not τstd but (for a flat universe)
τ =
DOS
c
+ τstd. (3)
For the time delay between two sources at a common dis-
tance, the first term simply cancels and thus is simply re-
moved as a nuisance parameter to derive Equation 1. For
two sources at different distances, however, it produces a
delay difference of (1 + zs)∆z/c where ∆z is the proper sep-
aration of the two sources at the source and the net delay is
simply the lag in the rest frame of the source time-dilated
by the source redshift. Unlike the two terms that result from
shifting the source in Equation 1, this term has the scale of
the source size and it will matter for time delays between
two images if the light contributing to the first image has
an average source distance different from that contributing
to the second image.
To calculate the delay shifts created by the inclination
of the disk, we require a disk model. Since we also want to
compute the second effect created by differential microlens-
ing of the variable flux, it should also allow for a simple
model of the variable flux. We will consider a standard,
1 This is true of most lensing calculations, see Kochanek (1993).
non-relativistic, thin disk model emitting as a black body
(Shakura & Sunyaev 1973). If we are observing at wave-
length rest λ, it is useful to define
ξ =
hc
kT0(R)λ
=
(
R
R0
)3/4(
1−
√
Rin
R
)−1/4
(4)
where R > Rin, T0(R)
4 ∝ R−3(1−
√
Rin/R) is the temper-
ature profile of the disk,
R0 =
[
45Gλ4restMBHM˙
16pi6hpc2
]1/3
(5)
= 9.7× 1015
(
λrest
µm
)4/3(
MBH
109M
)2/3(
L
ηLE
)1/3
cm
is the radius where the disk temperature matches the photon
wavelength, kT = hpc/λrest, and Rin = αGMBH/c
2 is the
inner edge of the disk (e.g., Morgan et al. 2010). Here hp is
the Planck constant, k is the Boltzmann constant, MBH is
the black hole mass, M˙ is the mass accretion rate, L/LE is
luminosity in units of the Eddington luminosity, η = L/M˙c2
is the accretion efficiency, and α = 6 for a Schwarzschild
black hole and α = 1 for an equatorial orbit co-rotating
Kerr black hole. Converted to a time scale and using the
observed wavelength instead of the rest wavelength,
(1 + zs)R0
c
' 3.8 days
(1 + zs)1/3
(
λobs
µm
)4/3(
MBH
109M
)2/3(
L
ηLE
)1/3
.
(6)
The unperturbed surface brightness profile of the disk is
simply
I0(R) ∝ [exp(ξ)− 1]−1 . (7)
Ignoring the inner edge of the disk (Rin → 0), the mean
radius of the unperturbed surface brightness profile is
〈RI0〉/〈I0〉 = 3.36R0. That we are using a monochromatic
wavelength is unimportant, as the radial width due to the
black body emission is significantly more important than the
wavelength spread from a typical broad-band filter.
In the simplest “lamp post” model of variability (e.g.,
Cackett et al. 2007), the fractional temperature variation is
independent of radius in the disk, so
T (R, t) = T0(R) [1 + f(t−R/c)] . (8)
where T0(R) is the unperturbed temperature profile and
f(t−R/c) is the fractional luminosity variability “lagged” by
the light travel time R/c from the disk center. If we assume
the temperature variations are small, then we can Taylor ex-
pand the black body function to find that the time-variable
emission is
δI(R, t) ∝ f(t−R/c)G(ξ) where G(ξ) = ξ exp(ξ)
(exp(ξ)− 1)2
(9)
comes from the temperature derivative of the black body and
the definition of f . The average radius of the variable flux,
〈RG〉/〈G〉 = 5.04R0 is larger than that of the unperturbed
disk because a constant fractional temperature fluctuation
produces larger surface brightness fluctuations at larger radii
where the disk becomes cooler.
We can characterize the effects of microlensing by av-
eraging the delays over the variable surface brightness G(ξ)
MNRAS 000, 000–000 (0000)
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weighted by the absolute value of the microlensing magni-
fication M(u, v). Let the disk be tilted relative to the line
of sight by an inclination angle i with i = 0 correspond-
ing to the disk lying in the plane of the sky. If a point
in the disk is labeled by (x, y, z) = R(cos θ, sin θ, 0) and
we rotate about the y axis, then the observed position is
(u, v, w) = R(cos θ cos i, sin θ, cos θ sin i). The average delay
between the driving source f(t) and the observer is
〈δt〉 = 1 + zs
c
∫
dudvG(ξ)M(u, v)R (1 + cos θ sin i)∫
dudvG(ξ)M(u, v)
(10)
where u = R cos θ cos i and v = R sin θ are coordinates on
the reference source plane of the lens, and R2 = u2/ cos2 i+
v2. The factor governing the mean delay R (1− cos θ sin i) /c
combines the propagation delay R/c for the lamp post,
with the line-of-sight delay (R/c) cos θ sin i due to the in-
clination of the disk. Without microlensing (M(u, v) ≡ 1)
and ignoring the inner disk edge, the inclination of the
disk has no effects and we just measure the mean lag be-
tween the driving perturbation and the observed light curve,
〈δt〉 = 5.04(1 + zs)R0/c.
It is relatively easy to show that the primary lens po-
tential and its satellites cannot produce large enough mag-
nification gradients across the accretion disk to produce an
observable effect. This is not true of microlensing of the disk
by the stars near each lensed image. The basic physics of the
effect, that the star field near each image produces a differ-
ent and time variable magnification of the accretion disk,
means that there are gradients in the magnification on the
physical scale of the disk and that the characteristic ampli-
tude of the microlensing-induced delays must be of order the
light crossing time of the disk.
Figure 1 shows the two contributions to the mean delay
in Equation 10 for a linear fold caustic parallel to the v
axis as a function of its position u0 as it is moved across the
disk. The magnification produced by the fold caustic is M =
A|u−u0|−1/2 for u ≥ u0 and 0 for u < u0. For the R/c term
of the delay, we have subtracted the lag in the absence of
microlensing in order to focus on the changes created by the
effect. Since the fold is moving along the projected short axis
of the disk, the fold position is scaled by the projected short
axis disk scale length, u0/R0 cos i. The scale of the delays
is (1 + zs)R0/c, with the term due to the lag in the lamp
post model (R/c) being independent of the inclination, and
the term due to the disk inclination (R cos θ sin i) depending
on the inclination. We have set Rin = R0/100, although
the results are insensitive to this choice for the parameter
ranges relevant to optical monitoring of lensed quasars. For
our definitions, the near side of the disk has u < 0 and the
far side has u > 0.
We can qualitatively understand the behavior of both
terms. Consider the term due to the inclination of the disk
first. When u0 is negative, the caustic lies on the near side
of the disk and so magnifies parts of the disk with shorter,
negative delays. However, the fold magnification is not very
singular, and so at large distances the dropping flux of the
disk matters more than the magnification and the average
delay becomes that of an unmicrolensed disk. As the caustic
approaches the disk center, the magnification of the near
side makes the lag increasingly negative, but not by huge
factors. The sign reverses before the caustic reaches the disk
center because the total flux from the far side now exceeds
that from the near side. Once the caustic passes the disk
center, the lag simply increases because there is no longer
any contribution from the near side of the disk or smaller
radii than the distance of the caustic from the disk center.
The term due to the lamp post model has some quali-
tative differences. It is again negligible when the caustic is
on the near side and at large radius, but slightly positive
because it is enhancing the contribution from large radii. As
the caustic approaches the disk center, it produces a negative
mean lag by enhancing the contribution from small radii.
Then, as it moves outwards, it also produces an increas-
ingly positive lag for the same reasons as the inclination-
dependent term.
The flux from a microlensed quasar is never due to a
single fold caustic. It is the sum of the flux from the direct
image plus some number of additional image pairs created
by microlensing (see, e.g., Granot et al. 2003). The model
with a single fold caustic explores the contribution of a sin-
gle image pair created by a fold caustic, which must then
be combined with the fluxes of all the other images. When
the flux from this image pair is small compared to the flux
of the other images, the observed delay will be dominated
the delays associated with the other images. Figure 1 also
shows the magnification produced by the caustic relative to
its peak, M/Mmax. The magnification rises until the caustic
approaches the disk center and then declines. Thus, when
the caustic is producing the largest shift in the time delay,
it is also making a smaller and smaller contribution to the
observed flux because only the outer parts of the disk are
being lensed by the fold caustic.
We can get a sense of the consequences by assum-
ing that there is additional flux equal to the flux pro-
duced by the caustic at its peak and with an average lag
of zero. Under these assumptions, the mean lag becomes
〈δt〉M/(M + Mmax), which is also shown in Figure 1. The
dilution by the additional flux eliminates the divergence in
the delay as the caustic moves out to increasingly large radii.
Reality is more complex, which is why numerical simulations
are ultimately required to understand the magnitude of the
effect.
3 NUMERICAL SIMULATIONS
We demonstrate the effects of microlensing on gravitational
lens time delays using numerical simulations for two of the
lensed quasars, RXJ 1131−1231 and HE 0435−1223, used
by Suyu et al. (2014) and Bonvin et al. (2017) to constrain
H0. RXJ 1131−1231 is a four image lensed quasar with zs
= 0.658 and zl = 0.295 (Sluse et al. 2003). Based on the
Hβ line width from Sluse et al. (2003), Dai et al. (2010)
estimated the black hole mass to be (1.3 ± 0.3)×108 M.
HE 0435−1223 is another four image lensed quasar with
zs = 1.689, zl = 0.46, and an estimated black hole mass
of 0.5×109 M (see Mosquera & Kochanek 2011 and refer-
ences therein). Based on Equation 5, the accretion disk sizes
for RXJ 1131−1231 and HE 0435−1223 are R0 = 7.34×1014
cm (0.28 light days) and R0 = 9.37 × 1014 cm (0.36 light
days), respectively, in the observed R-band (6586 A˚) for an
Eddington ratio of L/LE = 0.1 and a radiative efficiency of
η = 0.1.
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Table 1. Microlensing model parameters
Lens Image κ γ κ∗/κ
RXJ 1131−1231 A 0.618 0.412 0.0667
B 0.581 0.367 0.0597
C 0.595 0.346 0.0622
D 1.041 0.631 0.1590
HE 0435−1223 A 0.604 0.262 0.0500
B 0.734 0.395 0.0801
C 0.605 0.265 0.0500
D 0.783 0.427 0.0930
We created magnification maps for each lensed im-
age using the ray-shooting method described in Kochanek
(2004). The microlensing parameters, given in Table 1, cor-
respond to a macro model with a stellar mass fraction of 0.2
relative to a pure de Vaucouleurs model (Dai et al. 2010).
The magnification maps have dimensions of 8192×8192, an
outer scale of 20〈Re〉, and a pixel scale of 0.00244 〈Re〉,
where 〈Re〉 is the Einstein radius at the source plane. We
assume a mean microlens mass of 〈M/M〉 = 0.3 for both
lenses, leading to an outer scale of 5.02 × 1017 cm and a
pixel scale of 6.12 × 1013 cm for RXJ 1131−1231 and an
outer scale of 5.89× 1017 cm and a pixel scale of 7.19× 1013
cm for HE 0435−1223. The accretion disk scale lengths R0
are ∼ 12 times the pixel scale, while the region dominating
the variability (∼ 5R0) is ∼ 60 times the pixel scale. Figure
2 and 3 show the full 8192×8192 magnification patterns for
image A of each lens.
We calculated the mean delays between the driving
source (the “lamp post”) and the observer using Equation 10
for each lensed image, where the surface brightness G(ξ) is
given by Equation 9 and the inner edge of the disk is (safely)
ignored. We investigated four disk configurations with incli-
nation i and position PA angles of (i) i = 30◦, PA = 0◦, (ii)
i = 30◦, PA = 45◦, (iii) i = 30◦, PA = 90◦, and (iv) i = 0◦.
The position angles determine whether the long axis of the
tilted disk is parallel, perpendicular, or at an angle to the
caustic structures in the magnification maps. In this paper,
the long axis of the tilted disk is perpendicular (parallel) to
the caustic structures for PA = 0◦ (PA = 90◦). Note that
the last case (iv) corresponds to a face-on disk where the
position angle does not matter. For each disk configuration,
we also investigated the effect of decreasing and increasing
the source size by a factor of two.
Examples of mean delay maps for image A of the two
lenses are shown in Figures 4 and 5, where the constant
delay 〈δt〉 = 5.04(1 + zs)R0/c of the lamp post model has
been subtracted. The maps represent time delay perturba-
tions due to microlensing, typically on the order of ∼ a day,
with both positive and negative delays. The negative delays
are shown in black, while the positive delays increase from
darker to brighter regions. The edges and structures where
the time delays change rapidly and frequently flip signs are
due to caustics in the corresponding magnification patterns,
shown in Figures 2 and 3.
Figures 6−8 show the mean delay distributions for the
different disk configurations for all images of the lenses,
based on ∼ 300,000 randomly-selected points from their de-
lay maps. There are several interesting points to note from
the delay distributions. First, the line of sight (LOS) delays
from the disk inclination have a zero mean and are symmet-
ric about zero delay, as expected. On the other hand, the R/c
delays depend little on inclination and have a positive mean.
The skew to positive delays can be understood as follows.
Producing a negative lag for the R/c term requires magni-
fying only the inner part of the disk, which rarely happens
because the caustic structures generally have scales larger
than ∼ 5R0 and will magnify the outer parts of the disk as
well. On the other hand, it is relatively easy to magnify the
outer parts of the disk without magnifying the inner parts,
leading to the delay asymmetry. Each image therefore has a
non-zero mean for the total delay.
For all source sizes, the magnitudes of the total delays
increase from a PA of 0◦ (perpendicular to caustic struc-
tures) to a PA of 90◦ (parallel to caustic structures). This
is because when the long axis of the disk is perpendicular
to the caustic structures, regions of positive and negative
LOS delays are being magnified at the same time, leading
to a smaller overall effect. When the caustic structures are
parallel to the long axis of the disk, it is easier to magnify
regions with only one sign of the delay. Therefore, microlens-
ing has a more significant effect when the long axis of the
disk is parallel to the caustic structures. Like the disk incli-
nation, the disk PA has a larger effect on the LOS delays
than the R/c delays. The overall delays are also larger for
a larger source size and smaller for a smaller source. Even
when the disk is face-on, there are still non-negligible mi-
crolensing delay contributions due to the light travel time
from the lamp post to the disk. In all cases, we have sub-
tracted the mean delay 〈δt〉 = 5.04(1 + zs)R0/c of the lamp
post model and verified that a uniform magnification leads
to no change in the mean delays.
Table 2 summarizes the mean and dispersion of the de-
lay differences between images based on randomly drawing
a large number of delays from the delay distributions of the
respective images. Since the mean total delay for the individ-
ual images are non-zero, the mean of the delay differences is
also not zero. These non-zero means represent a bias in the
delays between the images that cannot be removed simply
by monitoring the lens for a long period of time. The dis-
persion of the delay differences about this mean represents
an additional scatter introduced into a time delay between
two images, which can be eliminated by monitoring the lens
of a long time period. In producing Table 2, we simply used
the same disk geometry for each image. In reality, the PA
of the disk relative to the magnification pattern of the other
images is determined once it it set for the first image to the
extent that the orientation of the model shear for each image
is well constrained.
As a final illustration of microlensing effect on time de-
lays, we created examples of microlensed quasar light curves
including these effects. We used the damped random walk
(DRW) model, which has been shown to capture quasar vari-
ability relatively well (Kelly et al. 2009; Kozlowski et al.
2010; MacLeod et al. 2010), to generate the driving light
curve f(t). The driving light curve is modeled with a time
scale τ = 90 days and a fractional variability of 15%. This
damping time τ is shorter than typical of quasars in order to
make it easier to visualize the microlensing effects. The con-
tribution from any point on the disk lags the driving light
curve by tlag = (1 + zs)(R − x sin i)/c, with a flux contri-
bution of f(t− tlag)G(ξ). This is then weighted either by a
constant in the absence of microlensing or a magnification
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Figure 2. Magnification pattern for image A of RXJ 1131−1231.
The magnification increases from darker/de-magnified to
brighter/magnified regions. The green circle on the upper left
shows the mean radius of the variability-dominated region, ∼5R0.
The pattern spans 20〈Re〉.
Figure 3. Magnification pattern for image A of HE 0435−1223.
The format is the same as for Figure 2.
Figure 4. Delay map for image A of RXJ 1131−1231, where the
disk is inclined to i = 30◦ and rotated to PA = 45◦ for the source
size R0. The mean delays span from −1.35 days to +3.91 days
and increase from the dark to the bright regions, with black indi-
cating negative delays. The red crosses mark the points used for
the light curves LC3 and LC4 in Figure 9.
Figure 5. Delay map for image A of HE 0435−1223 using the
same disk configuration as in Figure 4. The mean delays span
−2.27 days to +2.59 days and increase from dark to bright re-
gions, with negative delays shown in black.
pattern when microlensing is present, resulting in a snap-
shot of the disk brightness. Repeating this as a function of
time produces a set of evolving maps of the disk brightness,
from which one can generate the observed light curve.
Figure 9 shows four examples of light curves (LC1–LC4)
spanning 120 days for image A of RXJ 1131−1231. The disk
size is set to R0. We show two examples for a face-on disk
(LC1, LC2) and two examples for an inclined disk (LC3,
LC4 with PA = 45◦ and i = 30◦), where the disk positions
are indicated in Figure 4 for the latter two cases. The pre-
dicted mean shifts based on Equation 10 are given in Table
3. If we shift the microlensed light curves by this delay, they
MNRAS 000, 000–000 (0000)
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Figure 6. Cumulative distributions of the microlensing-induced mean delays for RXJ 1131−1231 when the disk is inclined to i = 30◦.
The row refers to the different lensed images while the column refers to the different delay contributions: from left to right, the delay
component from the LOS inclination term, the R/c term, and their combination. The different colors indicate different disk position
angles: black for PA = 0◦, blue for PA = 45◦, and red for PA = 90◦. The different line styles refer to the different source sizes: R0 as
the solid line, 2R0 as the dashed line, and 0.5R0 as the dotted line.
match the input light curves with some small differences in
structure due to the microlensing. It is important to note
that these changes in the light curve structures are not due
to any movement of the quasar relative to the magnification
pattern, but are instead due to changes in the disk surface
brightness with time that are differentially weighted by mi-
crolensing.
We next used the AGN lag estimation algorithm
JAVELIN (Zu et al. 2011) to estimate the lags between the
“micro” and “nomicro” light curves for the example light
curves in Figure 9. We assumed a generic 5% fractional
uncertainty and treated the “nomicro” light curves as the
driving light curve and fit for the lag of the “micro” light
curves. The medians lags and their 68% uncertainties are
shown in Table 3. We see that the mean lags predicted by
Equation 10 agree well with the lags determined from the
model light curves.
4 DISCUSSION AND CONCLUSION
Using both simple models and full simulations, we have
shown that microlensing leads to perturbations in time de-
lays on the scale of the light crossing time of the quasar disk,
on the order of ∼ days. Although the accretion disk is held
fixed in this work, these delays will vary with time as the
observer, source, lens, and stars in the lens move relative to
one another. The time scales for changes are summarized in
Mosquera & Kochanek (2011). Because the optical depth
to microlensing for lensed images is almost unity, these time
delay perturbations should be present to varying degrees in
all lensed quasars.
We have been very conservative in illustrating the am-
plitude of the microlensing effect, scaling the disk size R0
to a standard thin disk model with an Eddington ratio of
L/LE = 0.1. Typical quasars probably have higher Edding-
ton ratios (see, e.g., Kollmeier et al. 2006), while both mi-
crolensing (e.g., Morgan et al. 2010; Mosquera & Kochanek
2011) and ongoing continuum reverberation mapping studies
(e.g., Shappee et al. 2014; Fausnaugh et al. 2016) find that
the accretion disks are two to four times larger than pre-
dicted by the thin disk theory. Hence, even our 2R0 models
may still be underestimating the overall effect. Particularly
for face-on disks, the effect will also depend on the quasar
variability model.
A first consequence of this new effect is that the uncer-
tainty in a lens time delay now has an additional contribu-
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Figure 7. Same as Figure 6, but for HE 0435−1223.
tor, σµ ∼ days. Ignoring the lens galaxy, the two traditional
sources of error are measurement error in the time delay
(σδt) and fluctuations in the surface density along the line
of sight (σlos). Unless the microlensing delays can be deter-
mined, there is no need for time delay measurement errors
that are significantly smaller, σδt  σµ. This is analogous
to two image lenses where there is no point in measuring de-
lays significantly more accurately than the limit set by the
contribution from the cosmic variance in the density along
the line of sight, σδt  σlos∆t.
The microlensing delay effect is an absolute, rather than
fractional, error. Therefore, it is more important for the
short delays common in four-image lenses (due to the high
degree of symmetry) such as the two lenses investigated
here, while it will matter less for long delays. For exam-
ple, the longest delay in HE 0435−1123 is approximately
∆t ' 14 days, so a σµ = 1 day contribution from microlens-
ing represents a 7% floor to the utility of this lens for cosmol-
ogy. The longest delay in RXJ 1131−1231 is ∆t ' 91 days,
and such a microlensing effect represents a fractional er-
ror of only 1% that is comparable to the effects of large
scale structure. Lenses with long time delays, which tend
to be two image lenses, are therefore strongly favored for
obtaining measurements of cosmological time delays. Unfor-
tunately, two-image lenses supply fewer model constraints
on the structure of the lens galaxy. Tagore et al. (2017)
also showed that two image lenses will produce the most
biased estimates of H0 from time delays, while cruciform
quads have the lowest biases. The presence of microlensing
effects may well revise this conclusion, as cruciform lenses
with short time delays will be strongly limited by the ef-
fects of microlensing delays. Since the microlensing delay is
on the scale of the accretion disk size R0 ∝M2/3BH(L/LE)1/3
(Equation 5), lenses with lower mass black holes and shorter
disk light crossing times are also preferred.
The microlensing delays also affect searches for sub-
structures in lens galaxies using time delay anomalies in
lensed quasars, also known as millilensing. Depending on the
properties of the subhalo, substructures are thought to in-
troduce time delay perturbations on the order of fraction of
a day (Keeton & Moustakas 2009). The substructure pertur-
bations can be investigated through measurements of time
delay ratios, which are insensitive to line of light structures
and less sensitive to degeneracies due to the radial mass
profile of the primary lens. Particularly with the biases pro-
duced by the mean delay shifts seen for microlensing of the
lamp post variability model, this new microlensing effect
may make using delay anomalies to search for substructures
problematic.
In addition to being an important new systematic prob-
lem for time delay cosmology, this effect may be a boon to
quasar microlensing studies. In theory, microlensing probes
the size of the source (R0 or equivalent), the mean mass of
the microlensing stars 〈M∗〉, and the effective velocity ve
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Figure 8. Cumulative distributions of the mean delays for a face-on disk. The top row is for RXJ 1131−1231 and the bottom row is for
HE 0435−1223. The columns refer to the four lensed images. The disk PA does not matter for a face-on disk. The different line styles
refer to source sizes of 0.5R0 (dotted), R0 (solid) and 2R0 (dashed).
of the source relative to the magnification patterns. The
mean stellar mass determines the typical Einstein radius
RE ∝ 〈M∗〉1/2, and the effective velocity is a combination
of the motion of the observer, the microlensing stars and
the peculiar velocities of the lens and the source. Unfortu-
nately, the only observable with physical units is the time
scale of the microlensing variability tE ∝ RE/ve, which is
a degenerate combination of the mean Einstein radius and
the effective velocity. This means that one must use prior
estimates for one of the three variables of interest (R0, 〈M∗〉
and ve) in order to constrain the other two. Traditionally,
we have constrained the peculiar velocities (e.g., Poindexter
et al. 2008; Dai et al. 2010; Morgan et al. 2010; Mosquera
et al. 2013) while most other groups have assumed a mean
microlens mass.
The microlensing time delay effect provides a new ob-
servable with units that is directly related to the size of the
emission region, R0. Measuring the effect has the potential
of eliminating the need for (strong) priors in microlensing
analyses. For any particular image, the effect depends on
the disk size and inclination, but the strong dependence of
the effect on the inclination of the disk and its orientation
relative to the caustic networks created by the tangential
magnification suggests that it may be possible to disentan-
gle the two effects, particularly for four image lenses. The
projected shape and orientation of the disk is fixed on the
sky, but the orientation of the caustic networks rotates from
image to image, so the differences in the microlensing time
delay effects between the images should strongly constrain
both variables.
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